INTRODUCTION
Ion linacs with high average current are being considered for applications such as the production of tritium and the transmutation of radioactive wastes. In such applications, beam halo can lead to a degradation of beam quality and/or particle losses resulting in activation of the accelerator. Therefore, the structure and control of halo components of the particle distribution is a critical issue. Recently, the understanding of transverse (I) beam halo has been advanced through analytic theory and numerical simulations2-6. In this and an accompanying article1, we present theoretical and numerical work on longitudinal ( 11) beam halo. Longitudinal halo particles are an issue of concern because such particles can have large-amplitude 11 oscillations about the synchronous particle, causing a degradation of (1 beam quality and possibly particle loss should the oscillation result in a loss of particle synchronisim with the rf fields. Moreover, the control of such halo losses could be challenging since the phase width of a beam bunch in the rf bucket cannot be made small in most intense-beam applications. In contrast, loss of 1 halo particles can be mitigated, though with increased cost, through the use of largeaperture structures.
The corehest-particle model developed applies to a coasting ellipsoidal beam bunch that is continuously focused and has azimuthal symmetry. The space-charge of 
THEORETICAL MODEL
We consider an isolated ellipsoidal beam bunch composed of a single species of ion of charge q and mass m. The bunch is centered about a synchronous particle with phase 4 = 4, relative to the peak of the synchronous space harmonic of the full rf wave. Acceleration is neglected, and the synchronous particle has 1) kinetic energy E, =const.
Beam focusing is provided transversely by a constant, linear applied field that represents the average effect of an alternating gradient focusing lattice, and longitudinally by a continuous sinusoidal wave that represents the average effect of the synchronous rf space harmonic. The bunch is taken to be azimuthally symmetric (a/aO = 0) and to have uniformly distributed charge-density p = const interior to a sharp ellipsoidal envelope specified by ( X L / T L )~ + (Az/T-,)~ = 1, and zero charge-density exterior to the envelope. Here, XI and AZ are the I and 11 coordinates relative to the synchronous particle, and TI and rZ are the I and 11 radii of the ellipsoidal beam enve-0-7803-4376-X/98/$10.00 0 1998 IEEE lope. The 11 coordinate AZ is related to the rf phase q5 by AZ = -(/?sX/27r)Aq5, where Aq5 q5 -q5s, X is the vacuum wavelength of the rf wave (A = c / u , where c is the speed of light in vacuo and v is the rf frequency), and ps and ys = l/,/m denote the usual synchronous particle relativistic factors. Denoting the time average current of the bunch over an rf period by I , the charge-density in the bunch is p = 3IX/47rrtrZc.
The I and I( forces acting on a particle due to electrostatic and leading-order self-magnetic fields can be calculated in the absence of material boundaries as7
Here, €0 is the permittivity of free-space, + (Az/r,)2 < 11. For the special cases of a particle in the beam, x = 0, and the selffield forces (1) reduce to the familiar linear expression^^^^, and for a spherical bunch in the beam frame (TI = ysrz), the forces fall off with the required inverse-square form exterior to the bunch.
Within the paraxial approximation, the I and 1) equations of motion of a single test-particle moving in the applied focusing fields and self-field defocusing forces (1) of the bunch can be expressed as
Here, s is the axial distance the beam has propagated, XI and x : are the I coordinate and convergence angle of the particle, Aq5 and A& = & -€, are the I] particle phase and kinetic energy relative to the synchronous particle, kao =const is the undepressed (I = 0) betatron wavenumber of I particle oscillations, EO (EO -+ EoT for a standing-wave structure, with T the transit--time factor) is the peak, on-axis (XI = 0) field value of rf wave, and K~D 3 3qIX/4moy~/?:mc3 is a three-dimensional spacecharge parameter of dimension length. In general, note that the I and 11 Eqs. (4) are coupled due to the coordinate dependence in x. However, for a particle moving within the bunch (i.e., x = 0) or along the axes of symmetry of the bunch (i.e., XI = 0 or Aq5 = 0 = Az), the equations are uncoupled. Finally, for small 1) particle excursions from the synchronous particle with 2n]Azl/P,X << 1, the (1 rf focusing force becomes linear, i.e.,
where k ,~ = d27rqE0 sin(-$s)/y,3/3,3Xmc2 is the wavenumber of undepressed "synchrotron" oscillations about the synchronous particle. In the presence of spacecharge ( I # 0) and within the bunch, it follows from Eqs.
(4) that the characteristic I and 11 spatial frequencies of undepressed particle oscillations kpo and kso are depressed to 
ENVELOPE EQUATIONS
To consistently determine the ellipsoidal bunch radii r I and T , in terms of beam and accelerator parameters, it is necessary to derive so-called "envelope equations" for the evolution of r l and r,. For a uniform density distribution, Note that Eqs. (7) differs from those in Refs. 8 and 9
7-t
by the inclusion of a multiplicative factor f T j ( C ) , which arises when the external rf force is included in an average over the )) coordinate. This factor approaches unity as < 4 0, corresponding to small (1 beam extent T , relative to the rf wavelength A. Note that Eqs. (7) are not self-consistent in that the distribution function is assumed to evolve such that its density remains uniform within an ellipsoid, whereas in general, such evolution does not occur. It is hoped that, since the extent of the distribution is not constrained (though the form of the distribution is), the evolution of these envelopes is close to the actual evolution of rms measures of the radii, thereby providing halo particles with approximately correct space-charge impulses. 11 (ksor k,) particle oscillations (dashed curves). c. Ratio R of I to (1 mode amplitude for the high and low frequency envelope modes.
LINEAR ENVELOPE MODES

